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THREE-DIMENSIONAL TWISTED SUPERSYMMETRY

 ON THE LATTICE

4. PLACING FIELDS ON THE CUBIC LATTICE

Sites(0-form)

Links(1-form)

Plaquettes(2-form)

Cubes (3-form)

Am, Ām, Ψm

χmn

η

Babc, θabc

Fields live on the lattice elements that match 

their geometric character. This assignment,to-

gether with the gauge transformations,preser-

ve local 𝑈(𝒩) gauge invariance at ∞	spacing.


























η(n) → G(n)η(n)G†(n)

Am(n) → G(n)Am(n)G†(n + μ̄m)

Ām(n) → G(n + μ̄m)Ām(n)G†(n)

Ψm(n) → G(n)Ψm(n) + G†(n + μ̄m)

χmn(n) → G(n + μ̄m + μ̄n)
χmn(n)G†(n)

Babc(n) → G(n + μ̄a + μ̄b + μ̄c)
Babc(n)G†(n)

θabc(n) → G(n + μ̄a + μ̄b + μ̄c)+
θabc(n)G†(n)

, 𝑛)     =      (𝑛, 𝑛 + )QabcĀd(n + ̂μd, n) ϵabcdΨd(n, n + ̂μd) ̂μ

𝑛 + ̂μd 𝑛 ≠ 𝑛 𝑛 + ̂μd

Non-scalar supercharges map between incompatible 

lattice objects. Examples (3-form charge):










Q

Qm

Qmn

Qmnp

survives

broken

broken

broken

Differential lattice endpoints ⇒ different gauge transformation properties.

Non-scalar transformations fail to commute with gauge invariants at non-zero

lattice spacing (Elizur’s theorem ⇒ trivial Ward identities).

Therefore, only the scalar charge 𝑄 remains an exact symmetry.

6. WHY ONLY 𝑄 SURVIVES ON THE LATTICE
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     = 

 = 


 = 

 = 

QAm(n) Ψm(n)
QĀm(n) 0
QΨm(n) 0
Qχmn(n) −F†

mn = − Fmn(n)
Qη(n) d(n)
Qd(n) 0
QBabc(n) −θabc(n)
Qθabc(n) 0

5.EXACT SCALAR SUPERCHARGE 𝑄



(exact at any lattics spacing)

Q2 = 0

The scalar super-

charge 𝑄 maps ea-

ch field to another

field on the same 

lattice element.


It commutes with 

local gauge transf-

ormations exactly.


3.TWISTED SUSY TRANSFORMATIONS

Indices 𝑎, 𝑏, 𝘤,… = 1, 2, 3 label the three twisted spatial directions.
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    =     


    =    


    =    
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    =   

δk δkoQ + δkaQa + δkabQab + δabcQabc

δkAm δkoΨm +
1
2

δkmη + δkab(δamΨb − δbmΨa)

δkĀm −δka χam + δkabcϵabcΨm

δkΨm δka(
1
2

δamda + (1 − δam)[Da, Dm])

δk χmn −δkoFmn +
1
2

δkab(δamδbn − δanδbn)dab + δkabcϵabcddm

δkη δkod + 2δkabFab + δkabcθabc

δkBabc −δkoθabc − δkd χbc

δkθabc −δkdFbc

Main Message:  Topological twisting reorganizes supersymmetry into geometric objects that fit naturally on the lattice. 

This allows the nilpotent scalar supercharge 𝑄 to remain exact at finite lattice spacing, guaranteeing full 


 3D 𝒩=4 theory is recovered in the continuum limit.

1. WHY STUDY 3D 𝒩= 4 SYM ON THE LATTICE?  
• Supersymmetry (SUSY) is one of the most compeling extensions  of the Standard Model and appears in many theories beyond it.


• Strongly coupled quantum field theories are difficult to solve analytically.


• Lattice gauge theory discretizes spacetime, enabling non-perturbative numerical simulations.

Continuous spacetime  

The Lattice Idea

Discretize spacetime  Numerical simulation 

2. FROM 6D 𝒩 = 1 to 3D 𝒩 = 4 VIA TOPOLOGICAL TWISTING

SO(6)E   →  SU(2)E x SU(2)N

R-symmetry decomposition

Supercharges reorganize as

Twisted fields (geometric objects)

Start with 6D Euclidean 

𝒩 = 1Super Yang-Mills theory

6D 𝒩 = 1 SYM

3D 𝒩 = 4 SYM

⇒

Three dimensions are compactidied 

(or ignored), producing three scalars

and reorganizing supersymmetry.

SU(2)E x SU(2)R x SU(2)N

SU(2)’ = diag (SU(2)E x SU(2)N)

Blau-Thompson Twist

The full symmetry before twist:

Twisting is a change of variables that

combines spacetime rotations with an 

internal symmetry.

                        →  (gauge field 1-form)


(scalars from )  →   (0-form)


(fermions)             →   (1-form)


(fermions)             →   (2-form)


(fermions)             →   (3-form)

AM Am

AM η

Ψm

χmn

θmnp

Q2 = 0{ }Q, Qm, Qmn, Qmnp with
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